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a b s t r a c t
In this study, the concept of a quasi-sliding mode control (QSMC) is introduced for the
robust control of a permanent magnet synchronous motor (PMSM) system subjected to
unmatched uncertainties, and even with input nonlinearity. On the basis of the new
concept of QSMC, continuous control is obtained, to avoid the chattering phenomenon. As
expected, the system state can be stabilized and driven into a predictable neighborhood
of zero. Also, this approach only uses a single controller to achieve chaos control, which
reduces the cost and complexity of implementation. The results of numerical simulations
demonstrate the validity of the proposed QSMC design method.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Chaotic systems are very special nonlinear dynamic systems that have several properties, such as sensitivity to initial
conditions, as well as irregular, unpredictable behavior, and thus they can adversely affect the precise operations of certain
physical systems, such as mechanical systems, biological systems and power converters. In the past twenty years more
attention has been paid to the idea of stabilizing the unstable periodic orbits of chaotic systems. Since the pioneering work
of Ott et al. [1], many techniques for chaos control have been introduced, such as adaptive feedback control [2–4], variable
structure control [5], sliding mode control [6–8], observer-based control [9] and PID control [10–12].
However, most of the related research assumes that a chaotic system has no external perturbations, or only matching
ones. In addition, chaos control is carried out with the ideal assumption of linear input. Due to physical limitations, practical
systems are frequently subject to uncertainty. Nonlinear input leads to instability in the performance of controlled systems,
and thus the effects of real-world physical limitations cannot be ignoredwhen designing a robust controller scheme. Inmost
publications, sliding mode control has been widely recognized as a powerful approach to robust control problems, with the
advantage that it can potentially be exploited to improve control performance with regard to robustness and the speed of
response. However, in a number of earlier works [13–16] the ideal sliding mode only exists for infinite frequency switching
operation. From a practical point of view, control of the input is impossible to implement, and attempts to do so will cause
a chattering phenomenon [17,18].
This paper presents a method of chaos control in a permanent magnet synchronous motor (PMSM). The bifurcation and
chaos association of the PMSMhave been extensively studied using themodern nonlinear theory [19], and it has been shown
that a PMSM system demonstrates chaotic behavior when the parameters of the motor fall into a certain area, and this can
be destructive. Therefore, the suppression and control of chaotic behavior is very important. Since then, many chaos control
methods have been proposed for such PMSM systems. Moreover, the robustness of these control systems was only verified
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by simulations, and there are no complete theoretical discussions in the literature [20–22]. In practical applications, it is
hard to avoid external disturbances due to uncontrollable environmental conditions. Thus, it is necessary to develop a new
robust control method to deal with PMSM systems with unmatched uncertainties.
The main contribution of this paper is to propose a new concept of a quasi-sliding mode control (QSMC) technique, and
design a continuous controller to avoiding chattering. It is noteworthy that the chaos associated with a PMSM subjected to
unmatched uncertainties can be fully suppressed or driven to a predictable and controllable bound, even with nonlinear
control input. Furthermore, this approach only uses a single controller to achieve chaos control and the desired point
tracking,which reduces the cost and complexity of implementation. Finally, we present the results of a numerical simulation
to illustrate the effectiveness and robustness of the proposed QSMC scheme.
This paper is organized as follows. Section 2 describes the dynamics of a PMSM and formulates the tracking control
problem. Section 3 presents a definition of the quasi-sliding manifold, the bounds of the conditions of the controlled PMSM
with unmatched uncertainties, and the proposed controller. Finally, an illustrative example is presented in Section 4, and
the conclusions are given in Section 5.
2. The system description and problem formulation
This paper examines the transformed model of a PMSM with a smooth air gap system. The dynamics of this system are
described by the following differential equations [19]:
dω
dt
= σ(iq − ω)− T˜L
diq
dt
= −iq − idω + γω + u˜q
did
dt
= −id + iqω + u˜d
(1)
where ω, iq and id are state variables, which denote the angle speed and the direct and quadrature (d–q) axis currents,
respectively. The stateω can be directlymeasured, while states iq and id can be calculated using the d–q transformation [23].
u˜d, u˜q are the transformed d–q axis stator voltage components, respectively, T˜L is the transformed external load torque, and
σ and γ are system parameters. In system (1), the external inputs are set to zero, i.e. T˜L = u˜d = u˜q = 0, and the system
dynamic becomes an unforced system as follows:
dω
dt
= σ(iq − ω)
diq
dt
= −iq − idω + γω
did
dt
= −id + iqω.
(2)
In order to control the chaotic behavior of a PMSM system with uncertainties and drive the state to track desired points,
a control input is introduced to the differential equation (2). Taking the physical limitation into account, the control input
is assumed to be nonlinear. For simplicity, differential equation (2) is rewritten as x1 = ω, x2 = iq and x3 = id.
x˙1 = σ(x2 − x1)+ d1
x˙2 = −x2 − x1x3 + γ x1 + d2 + φ(u(t))
x˙3 = −x3 + x1x2 + d3
(3)
where di, i = 1, 2, 3, are the unavoidable external perturbations that exist in practical systems, and are assumed to be
bounded, i.e.
|di| ≤ αi, i = 1, 2, 3, where αi > 0. (4)
The u(t) ∈ R is the control input, φ(u(t)) is a continuous nonlinear function satisfying φ(0) = 0, where φ ∈ R → R with
the law u(t)→ φ(u(t)) and inside the sector β1 β2, i.e.
β2u2(t) ≥ u(t)φ(u(t)) ≥ β1u2(t). (5)
In (5), β1 and β2 are nonzero positive constants. A nonlinear function φ(u(t)) is shown in Fig. 1. The robust control problem
is to drive the system to track the desired point (x1r , x2r , x3r), even with unmatched uncertainties and nonlinear control
input. Let us define the tracking error state as
e1 = x1 − x1r; e2 = x2 − x2r; e3 = x3 − x3r . (6)
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Fig. 1. A scalar nonlinear function φ(u(t)) inside the sector

β1 β2

.
From (6) the error dynamics can be obtained using the following equation:
e˙1 = σ(e2 − e1)+ k1
e˙2 = −e2 − e1e3 + γ e1 − x3re1 − x1re3 + k2 + φ(u)
e˙3 = −e3 + e1e2 + x1re2 − x2re1 + k3,
(7)
where
k1 = σ(x2r − x1r)+ d1
k2 = −x2r − x1rx3r + γ x1r + d2
k3 = −x3r + x1rx2r + d3.
(8)
This work aims to propose a control law u(t) subject to input nonlinearity such that the resulting tracking error state
for any given desired point (x1r , x2r , x3r) can be forced into a predictable and assignable bound. Accordingly, there are
two basic steps in the design procedure for achieving the control goal by using the QSMC technique. The first step is to
construct an appropriate switching surface, such that the quasi-slidingmotion can result in limt→∞ ∥ei(t)∥ ≤ ρi, i = 1, 2, 3,
where ρi ≥ 0 are predictable constants depending on the parameter chosen in the QSMC, even with any initial states and
unavoidable external perturbations. The second step is to establish a QSMC law that can guarantee the occurrence of the
quasi-sliding manifold.
3. The quasi-sliding manifold and controller design
To complete the design steps presented above, a switching surface in the state space is first defined as follows:
s(t) = e2(t)+ λe1(t), (9)
where s ∈ R and λ > −1 are constants. Before continuing with the main results, we first define the quasi-sliding manifold
as follows.
Definition 3.1. The system (7) is said to be in the quasi-sliding manifold if there exist δQ > 0 and tQ > 0 such that any
solution e(·) of the error dynamic (7) satisfies |s(t)| ≤ δQ , for all t ≥ tQ .
According to Definition 3.1, when the system operates in the quasi-sliding manifold, i.e. |s(t)| ≤ δQ for t ≥ tQ , the
following error dynamics in (7) can be obtained:
e˙1 = σ(1+ λ)e1 + σ s(t)+ k1
e˙2 = −e2 − e1e3 + γ e1 − x3re1 − x1re3 + k2 + φ(u)
e˙3 = −e3 + e1e2 + x1re2 + x2re1 + k3.
(10)
Solving the differential equation for e1 when t ≥ tQ results in
e1(t) = e−σ(1+λ)(t−tQ )e1(tQ )+
 t
tQ
e−σ(1+λ)(t−τ)(σ s(τ )+ k1(τ ))dτ . (11)
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Since σ is positive, the bound for e1(t) can be obtained as
|e1(t)| =
e−σ(1+λ)(t−tQ )e1(tQ )+
 t
tQ
e−σ(1+λ)(t−τ)(σ s(τ )+ k1(τ ))dτ

≤ e−σ(1+λ)(t−tQ ) e1(tQ )+ (σδQ +max
t≥0
|k1(t)|)e−σ(1+λ)t
 t
tQ
eσ(1+λ)τdτ
≤ e−σ(1+λ)(t−tQ ) e1(tQ )+ σ(δQ + |x2r − x1r |)+ α1 1− e−σ(1+λ)(t−tQ )
σ(1+ λ) , (12)
with σ(1+ λ) > 0, showing that
lim
t→∞ |e1(t)| ≤ ρ1 =
σ(δQ + |x2r − x1r |)+ α1
σ(1+ λ) . (13)
Furthermore, the bound for e2(t)when the time t →∞ can also be obtained as
lim
t→∞ |e2(t)| = limt→∞ |s(t)− λe1(t)| ≤ limt→∞ |s(t)| + limt→∞ |λe1(t)| ≤ ρ2
= λ

σ(δQ + |x2r − x1r |)+ α1

σ(1+ λ) + δQ . (14)
Meanwhile, after |e1| ≤ ρ1 and |e2| ≤ ρ2, solving the differential equation for state e3 results in
e3(t) = e−(t−tQ )e3(tQ )+
 t
tQ
e−(t−τ)(e1(τ )e2(τ )+ x1re2(τ )+ x2re1(τ )+ k3(τ ))dτ . (15)
The bound for the error state e3 is thus obtained as
|e3(t)| =
e−(t−tQ )e3(tQ )+
 t
tQ
e−(t−τ)(e1(τ )e2(τ )+ x1re2(τ )+ x2re1(τ )+ k3(τ ))dτ

≤ e−(t−tQ ) e3(tQ )+ ρ1ρ2 + |x1rρ2| + |x2rρ1| +max
t≥0
|k3(t)|

1− e−(t−tQ )
1
(16)
when the time t →∞ can be also obtained as
lim
t→∞ |e3(t)| ≤ ρ3 = ρ1ρ2 + |x1rρ2| + |x2rρ1| + |x1rx2r − x3r | + α3. (17)
According the discussion above, the bounds of ρi, i = 1, 2, 3, are related to δQ . Therefore, controlling the system with a
smaller value of δQ is important, and this is achieved in the following section. To ensure the occurrence of the quasi-sliding
manifold, the continuous controller is proposed as follows:
u(t) = −h(η + η˜) s|s| + δ (18)
where h > 1, δ > 0, η = |−(e2 + x2r)− e1e3 − x3re1 − x1re3 − x1rx3r + r(e1 + x1r)+ λσ [(e2 − e1)+ (x2r − x1r)]| and
η˜ = λ |d1| + |d2| ≥ 0.
Let the Lyapunov function of the system be V = 12 s2; we have
V˙ = ss˙
= s(e˙2 + λe˙1)
= s−e2 − e1e3 + γ e1 − x3re1 − x1re3 + k2 + φ(u)+ λ [σ(e2 − e1)+ k1]
= s−(e2 + x2r)− e1e3 − x3re1 − x1re3 − x1rx3r
+ r(e1 + x1r)+ λσ [(e2 − e1)+ (x2r − x1r)]+ λd1 + d2 + φ(u)

≤ (η + η˜) |s| + sφ(u). (19)
Furthermore, from (5), we have
uφ(u) = −h(η + η˜) s|s| + δ φ(u) ≥ β1h
2(η + η)2

s
|s| + δ
2
(20)
and then
sφ(u) ≤ −β1h(η + η˜) s
2
|s| + δ = −β1h(η + η˜)

|s| − |s| δ|s| + δ

(21)
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Fig. 2. The state responses of the PMSM system.
since |s|δ|s|+δ ≤ δ, and we can obtain
sφ(u) ≤ −β1h(η + η˜)(|s| − δ), for all s(t) (22)
By applying (22) into (19), we get the following result:
V˙ = ss˙ ≤ (η + η˜) |s| + sφ(u) ≤ (1− β1h)(η + η˜)

|s| − δβ1h
β1h− 1

. (23)
Since h > 1
β1
has been specified, it can be concluded that s(t)s˙(t) ≤ 0 whenever |s(t)| > δQ = δβ1hβ1h−1 . Therefore s(t)
always converges to the region of |s(t)| ≤ δQ = δβ1hβ1h−1 . The proof is thus achieved completely.
Remark 1. Since the controller in Eq. (18) is continuous, the control does not have an infinite frequency switching operation,
and chattering is eliminated.
Remark 2. δ is a design parameter, and thus one can select a sufficiently small value of δ tomake δQ aswell asρi, i = 1, 2, 3,
arbitrarily bounded in the neighborhood of zero.
Remark 3. For the nominal systemwithoutmatched or unmatched uncertainties (i.e., d1 = d2 = d3 = 0), the desired point
is in a form satisfying (x1r , x2r , x3r) = (x1r , x1r , x21r). From (13), (14) and (17), if the parameter δ = 0 is specified such that
the system operates in the quasi-sliding manifold δQ = 0, then the tracking errors limt→∞ ∥ei(t)∥ = 0, i = 1, 2, 3, can be
ensured.
4. Numerical simulations
Here the numerical results are presented to verify the proposed method. The chaotic behavior of a PMSM (3) with an
initial condition

x1(0) x2(0) x3(0)
 = −1 2 4 and system parameters of σ = 5.45, γ = 20 is shown in Fig. 2. We
then consider the PMSM system (3) subject to uncertainties d1 = 0.1 sin(x1), d2 = 0.5, d3 = 0.2 cos(x3) for the simulation.
Consequently, the nonlinear input is defined as
φ(u(t)) = [1+ 0.1 sin(u(t))] u(t). (24)
On the basis of (5), the slope of the nonlinear sector, β1 = 0.9 and β2 = 1.1, can be obtained. The switching surface with
λ = 1 > −1 and the QSMC law are as follows, respectively:
s(t) = e2(t)+ e1(t) (25)
and
u(t) = −h(η + η˜) s(t)|s(t)| + δ (26)
where h = 3 ≥ 1
β1
, δ = 0.06.
Figs. 3–6 show the corresponding state responses, switching surface s(t) and proposed QSMC (26) under the effect of
unmatched uncertainties. The system state and error state responses converge to a stable condition, bounded by |s(t)| ≤
δQ = 0.0953, |e1| ≤ ρ1 = 0.0568, |e2| ≤ ρ2 = 0.1521 and |e3| ≤ ρ3 = 0.2086, as shown in Figs. 3 and 4, respectively.
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Fig. 3. The system state responses of the controlled PMSM system with unmatched uncertainties.
Fig. 4. The error state responses with unmatched uncertainties.
Fig. 5. The time response of the switching function s(t)with unmatched uncertainties.
In Figs. 5 and 6, there is no chattering, as there is continuous control input, even when the controlled system is subjected
to nonlinear input. Consequently, Figs. 7 and 8 show that the simulation results for the PMSM system track the desired
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Fig. 6. The time response of continuous QSMC with unmatched uncertainties.
Fig. 7. The system state responses of the system to the track point (1, 1, 1)with unmatched uncertainties.
Fig. 8. The error state responses of the system to the track point (1, 1, 1)with unmatched uncertainties.
point (x1r , x2r , x3r) = (1, 1, 1) under the uncertain conditions, as given above. The tracking error can be converged to the
predicted bounds, as follows: ρ1 = 0.0568, ρ2 = 0.1521, ρ3 = 0.4176.
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5. Conclusions
This paper presents a QSMC for the robust control of a PMSM system. The continuous control input is obtained, to avoid
chattering. Moreover, the system state can track the desired points and tracking errors can be driven into an assignable and
predictable neighborhood of zero, even when unmatched uncertainties and input nonlinearity are present. The results of
numerical simulations demonstrate the validity of the proposed QSMC.
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